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Laboratory measurements have been made of the one-dimensional spectra of the
duration-limited wind waves which are generated when a wind abruptly begins to
blow over a water surface, maintaining a constant speed during the succeeding
period of time. The duration dependences of the wave energy £ and the spectral peak
frequency f,, determined from the measured spectra are slightly different from those
inferred from the fetch dependences of these quantities. The normalized spectra of
the duration-limited wind waves are also slightly different from those of fetch-limited
wind waves: the concentration of the normalized spectral energy near the spectral
peak frequency is smaller, in many cases, for the duration-limited wind waves than
for fetch-limited wind waves. The exponential growth rates # of the duration-limited
wind-wave spectra are generally larger than those of fetch-limited wind-wave spectra.
Furthermore, both for the duration-limited wind waves and for fetch-limited wind
waves the exponential growth rate has a behaviour which is different from the
empirical formula of Snyder & Cox (1966). A new empirical formula for the growth rate
of the wave spectrum is proposed, from which the empirical formula of Snyder & Cox
(1966) can be derived as a special case. Agreement between the new empirical formula
and the experimental results is satisfactory for fetch-limited wave spectra, but is
confined to the qualitative features for the duration-limited wave spectra.

1. Introduction

Many observations of the spectra of fetch-limited wind waves have been made
both in the ocean and in laboratory tanks to clarify the growth mechanisms of wind-
generated waves. However, with regard to the growth of duration-limited wind waves,
laboratory experiments are quite few apart from the preliminary study by Hidy &
Plate (1966) and the recent study by Larson & Wright (1975), though several field
observations have been made (Inoue 1966; Iwata & Tanaka 1970; DeLeonibus &
Simpson 1972; Taira 1972). According to these field observations, the exponential
growth rates 8 determined from duration-limited wind waves (Iwata & Tanaka 1970;
DeLeonibus & Simpson 1972; Taira 1972) are almost the same as those determined
from fetch-limited wind waves (Barnett 1968). However, our preliminary study in a
laboratory tank (Mitsuyasu & Rikiishi 1972) has shown that the growth rate £ of
duration-limited wind waves is much larger than that of fetch-limited wind waves,
though the values of g for fetch-limited wind waves are consistent with the empirical
formula proposed by Barnett (1968). One of the purposes of the present study is to
confirm the results of our preliminary study.
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Ficure 1. Schematic growth curves of wind-wave energy —7-]—2 for a duration time ¢ or fetch F

with a fixed wind speed. (a) 7;?, t curve for various fetches F. (b) ?, F curve for various duration
times ¢.

Another purpose of the present study is to compare the spectral forms of duration-
limited wind waves with those of fetch-limited wind waves. According to the many
observations of the spectra of fetch-limited wind waves, the one-dimensional spectra
exhibit a similarity form with a very small deviation (Colonel 1966; Hidy & Plate
1966; Liu 1971; Mitsuyasu 1973; Hasselmann ef al. 1973). However, the similarity
of the spectral form has not been studied for the case of duration-limited wind waves.

Therefore the present study is designed to obtain accurate data on the successive
spectra of duration-limited wind waves generated in a laboratory tank under carefully
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Figure 2. Schematic growth surface of wind-wave energy F for a
duration time ¢, fetch F and a fixed wind speed U.

controlled conditions. The results are systematically compared with the accumulated
data on fetch-limited wind waves in a steady state.

2. Fetch-limited wind waves and duration-limited wind waves

When a wind begins to blow over a still water surface of unlimited extent, maintain-
ing a constant average speed and direction, tiny ripples are generated which develop
with time uniformly over the entire water surface and finally develop into the huge
waves observed in the ocean. In this case, the wave spectrum must be determined by
only the duration and speed of the wind. Wind waves are duration limited (or unsteady)
but spatially homogeneous. On the other hand, if the water area or the wind area has
an upwind boundary, the wave spectrum saturates successively from the upwind
end of the generating area and attains a steady state as shown schematically in figure
1, though the waves are developing with fetch even in that steady-state area. In this
case of fetch-limited wind waves, the spectrum must be determined by only the fetch
and the wind speed.

Even in the latter case, however, at any given instant ¢,, say, wind waves are still
duration limited in some leeward area F > F, very far from the upwind boundary if
the duration £, is smaller than the minimum duration ¢, for the fetch # in that area.
Here the minimum duration f,;, means the time necessary for the wave energy to
travel from the upwind boundary to the position in which we are interested. There-
fore, at any duration ¢;, the wind-wave field can be divided into two regions: the
fetch-limited region F' < F,, where the waves are steady and dependent only on F,
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Ficure 3. Wind-wave tank. The plunger is not used and only the divided
part of the tank is used for the present experiment.

and the duration-limited region F > F,, where the waves are unsteady but independent
of F. The boundary F,between these two regions is considered as the front of the steady
state, and is determined as the fetch for which the given duration ¢; is equal to the
minimum duration ¢,,. The situations discussed above can be shown more generally
as in figure 2, from which figure 1 can be derived as the projection of #%(¥, U) on (a)
the 72, t plane or on (b) the 72, F plane. It can be seen from these figures that the wind
waves in such simple conditions are either fetch limited or duration limited.

In a strict sense, however, the front of the steady state is not as sharp as in the
schematic figures, and some transition region can be seen near the wave front. There-
fore there exists a region where the wind waves are limited by both duration and
fetch. Moreover, the wind speed and direction in the ocean change with time and
space in many cases. This variability of the wind also causes waves which are both
fetch and duration limited in the ocean.

In any event, the present study concerns mainly duration-limited wind waves in
finite fetches which are generated when the duration time ¢ is smaller than the minimum
duration £, .
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3. Experimental equipment and procedure

The wind-wave tank

The experiment was conducted in a large wave tank at Tsuyazaki Laboratory, Kyushu
University. Figure 3 shows the general layout of the wave tank. A closed test section
which is similar to an ordinary wind-wave channel was constructed in the towing
tank by adding a dividing side wall and a ceiling and by installing a wind blower. The
width of the test section is 1:8m, the height of air gap is 0-64 m, the water depth is
3 m and the length of the test section is 20 m from the outlet mouth of the wind blower.
At the end of the test section wind waves spread out into the large section of width
8 m and are finally absorbed by the wave absorber at the end of the tank. Therefore
wave reflexion in this tank is very small, less than 5 9. Asshownin figure 3, aroughened
transition plate was installed at the entrance of the test section to guide the air flow
smoothly from the wind blower to the test section and to thicken the air boundary
layer over the water surface.

Experimental procedure

By opening the damper of the wind blower very quickly from an open ratio D = 0
to D = 159, the wind speed was changed stepwise from zero to approximately
6-3m/s,t maintaining this constant value during the succeeding period of time. A
further series of experiments was made by changing the wind speed stepwise from
zero to approximately 11 m/s and again holding it constant. However, the data from
this series are used only for the analysis of steady-state fetch-limited wind waves
and not for the analysis of duration-limited wind waves since the time required for
the wind to reach a steady speed was about the same as the growth period of the
waves.

Wind-generated waves were measured simultaneously at four stations (fetches
F’' =5, 10, 15, 20m) along the centre-line of the test section with resistance-type
wave gauges and recorded continuously on a data recorder with seven channels.
Because of the presence of the transition plate, the effective fetches ¥ are 3, 8, 13
and 18m.

The wind measurements

In order to monitor the variation of the wind speed during the measurements of wind
waves, Pitot-static tubes were fixed at two stations ¥ = 3 and 13 m (at a height of
20 cm above mean water surface), and connected to a dynamic strain meter through
differential pressure transducers. Instantaneous values of the dynamic pressure
3p, U? were recorded on the data recorder simultaneously with the wave recording.
The steady-speed wind profiles were measured at each wave observation station by
traversing a Pitot—static tube. During the experiment the air temperature was slightly
lower than the water temperature, but the differences did not exceed 1 °C.

+ Cross-sectional mean speed at the test section.
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D F (m) U, (cm/s) Uu(cm/s)  Zyx 10®(cm/s) (9Z,/U2) x 103
15 3 311 31-1 6-75 6-83
8 29-9 30-5 4-82 5-28
13 299 30-3 4-96 5-44
18 31-6 30-6 6-02 5-91
50 3 91-7 91-7 118 13-7
8 88-3 90-0 91 11-4
13 88-1 89-4 97 12.2
18 89-6 89-4 112 13-7
TaBLE 1. Wind data. D represents the open ratio (%) of
the damper of the wind blower.
£ 1 F=3m
2
= 0
S
- 1 F=8m
=
Q
= 0
S
- 1 F=13m
£
Q
= 0
<
s 1 F=18m
2 IR
c 90 (TN (TR [ A ‘
s -l F=13m
y f = ——— T T i
= 0 20 40 60 80

F1GURE 4. Initial part of the wind and wave records. The time axis is
extremely compressed. U%(t) is shown on an arbitrary scale.

4. Experimental data and analysis

1(s)

Wind profiles
Figure 4 shows the initial parts of the wind and wave records. The wind record at
F = 3m, not shown in this figure, was almost the same as that at ¥ = 13 m, which
is shown in the figure. As can be seen from this figure, the wind speed attains a
constant value (steady state) in a short time, approximately 4s.
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Fraure 5. Wind profiles U(z) over the water surface. Abscissa is shifted successively for
different fetches. @, F=3m; O, F =8m; O, F=18m; @, F = 18m.

In the steady state, measured wind profiles near the air-water interface follow a
logarithmic distribution .

Ue, 2
Ulz) =—K'51nz—0, (1)

where U(z) is the wind velocity at an elevation z above the mean water surface, U,
the friction velocity of the wind, « the von Kdrméan constant and z, the roughness
parameter. Figure 5 shows the wind profiles at each observation station. The friction
velocity Uy and the roughness parameter z, were determined by fitting the logarithmic
distribution (1) to the measured wind profiles. The measured values of Uy, z, and their
dimensionless ratio gz,/ U% are shown in table 1. The present data on gz,/U% are quite
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similar to those measured by Hidy & Plate (1966). Since the local friction velocity
U, changes slightly with fetch, the mean friction velocity U2 within each fetch is
introduced and is shown in table 1. The mean friction velocity U, will be used hereafter
as the reference wind velocity for the analysis of wind waves.

Spectral analysis of the wave data

The wave data recorded on magnetic tape were reproduced and digitized with a high-
speed A/D converter. Spectral analysis of the data was performed on a FACOM
270-20 computer using a standard program based on fast-Fourier-transform pro-
cedures.

The wind waves in this study changed slowly with time and could not be considered
statistically stationary. Although several complicated methods have been proposed
for the spectral analysis of non-stationary random processes (see, for example,
Priestley 1965, 1966, 1967), we adopt a simple method under the assumption of the
quasi-stationarity of the phenomena. Wave data in the transient stage were divided
into short segments of approximately 10s so that the data could be considered
approximately statistically stationary within each segment. Although the short
length of the wave data widens the confidence band of the measured spectra, our
recent study (Rikiishi & Mitsuyasu 1976) has shown that the dominant part of the
spectrum is not seriously affected by the data length if the wave data contain more
than approximately 20 waves. The various conditions for the data analysis were as
follows: the length of a segment was 10-25s and the sampling frequency 25 Hz with
256 data points in a segment. The spectral analysis of each segment of the wave data
was done using a standard program based on fast-Fourier-transform procedures.
Then a moving average of successive 15 line spectra was made by using a triangular
filter. The number of degrees of freedom of the measured spectrum is approximately 20.

In practice, the segments of the wave data 10-25 s long were picked from the original
data with overlaps of 5-125s. Therefore we can obtain the wave spectra successively
at 5-125s intervals.

The locations of the segments in the unsteady parts of the wave data are shown in
figure 4 and also in figure 6 as a group of short straight lines. Figure 6 shows the time
variation of the wave energy #2(t) at various fetches. Here #2(t) was computed by
taking a moving average of %%(t) with an averaging time of 5-125s. The wave data in
an interval 82slong (N = 2048) in a steady region, the location of which is shown by a
long straight line in figure 6, were used to obtain the spectra of the steady-state fetch-
limited wind waves.

5. Growth of the wave spectrum with fetch and duration

Figure 7 shows the growth of the spectra of fetch-limited wind waves which were
measured after the wind waves had already attained a steady state. The dependences
of the wave energy E (=7%) and the spectral peak frequency f,, on fetch were
determined from the measured wave spectra and are shown in figure 8, in dimension-
less form. The fetch relations in figure 8 can be approximated by

gEt /UL = 670 x 10-3(gF / U%)0841, 2)
Usfmlg = 1:19(gF [ UZ)~"3%, (3)
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F1aURE 7. Growth of the wave spectrum with fetch.

where g is the acceleration due to gravity. In determining the fetch relations the wave
data measured at ¥ = 3 m were not used since those data show a trend which is slightly
different from that of the data measured at longer fetches. A similar phenomenon
was also found in a previous study (Mitsuyasu & Honda 1974).
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Fiaure 8. Fetch relations for the spectral peak frequency f, and for the wave energy E. The
data in the series of experiments with Uy = 89-4cm/s were also used to determine the fetch

relation.

The fetch relations (2) and (3) are slightly different from those determined in a
previous study (Mitsuyasu 1968):

gB} /U2 = 1:13 x 10-2(gF | U2)o504, "
Usfnlg = 1-00(gF [ U%)~03%, ©

In the following discussion, however, (2) and (3) will be used.

Figures 9(a) and (b) show the growth of the spectra of the duration-limited wind
waves at fetches #/ = 13 m and F' = 18 m respectively. The numbers on each spectrum
refer to the segment number, and the time interval between successive spectra is
5-125s. The wave energy £ and the spectral peak frequency f,, determined from these
spectra are shown in dimensionless form in figure 10 as functions of duration time.
Here the duration time ¢ was measured from the time when the damper was opened.
Owing to the transition time before the wind attains a constant speed, a small amount
of uncertainty exists in the duration time. However, since the transition times are
relatively short as stated previously, the errors due to the initial transition time are
not serious for data corresponding to large duration times.

The solid straight lines

gE} /UL = 1-19 x 10~4(gt/ U, )1, (6)

Us fn/g = 5:16(gt/ Uy )57 (7)
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Ficure 10. Duration relations for the spectral peak frequency f,, and for the spectral energy E.
——, best-fit relations (6) and (7); ———, relations (8) and (9) inferred from the fetch relations.

in figure 10 represent the best-fit curves to the data. The broken straight lines
gE} /UL = 3-90 x 10~4(gt /U, )**¥", (8)
Uk fm/9 = 580(gt/ Uy, )-0555 (9

have been derived from the fetch relations (2) and (3) through the following space—
time conversion relation (see appendix):

gF /UL = 1-18 x 10~2(gt/ U, )55, (10)

As shown schematically in figure 2, the duration-limited wind waves coincide with
fetch-limited wind waves at the front of the steady region, and the front can be
described by (10). Therefore, on substituting (10) into the fetch relations (2) and (3),
we can derive the duration relations (8) and (9). As can be seen from figure 10, the

measured duration relations are slightly different but not far from those inferred
from the fetch relations.

6. The spectral form of the duration-limited wind waves

Similarity forms for one-dimensional spectra of duration-limited wind waves have
been reported by many authors (Pierson & Moskowitz 1964; Colonel 1966; Hidy &
Plate 1966; Liu 1971; Mitsuyasu et al. 1973; Hasselmann et al. 1973). In particular,
for the case of laboratory wind waves in a steady state, the one-dimensional spectra
normalized in the form

S fn/ B = Of [f) (11)
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Ficure 11. Normalized forms of the duration-limited wave spectra compared with the fetch-
limited wave spectrum (dashed curve). (a) Uy = 0-30-3cm/s, F = 13m. (b)) Uy = 0~-30-6cm/s,
F = 18m.

are quite similar with very small deviations over wide ranges of their generating
conditions such as the wind speed, the fetch and the width of the wave tank (Mitsuyasu
et al. 1973, 1975). For the case of ocean waves, however, the normalized spectra (11)
show some scatter even under fairly simple generating conditions (Mitsuyasu et al.
1975).

Figures 11(a) and (b) show the normalized spectra of the duration-limited wind
waves measured in the present study. In each figure, the spectra of the wind waves
at a fixed station and successive duration times are shown in normalized form. The
broken line represents a normalized spectrum of steady-state fetch-limited wind waves
which corresponds to the previous data of group A (Mitsuyasu ef al. 1973). It can be
seen from these figures that the concentration of the spectral energy near the spectral
peak frequency is much smaller for the duration-limited wind waves in the initial stage
than for the fetch-limited wind waves in the steady state. Moreover, the deviation
of the normalized spectra is relatively large for the duration-limited wind waves.
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Fiaure 12. Normalized forms of the fetch-limited wave spectra.
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The deviation of the normalized spectra is not necessarily due to the shortlength of the
wave data. Our recent study (Rikiishi & Mitsuyasu 1976) has shown that the energy-
containing part of the frequency spectrum determined from short lengths of wave
data containing 20-25 waves is very close to that determined from sufficiently long
lengths of wave data. Therefore it can be said that the spectral forms of the duration-
limited wind waves are not similar but seem to depend on the duration time. This may
be one of the reasons why the spectral forms of ocean waves are different from one
another even under relatively simple generating conditions, since in many cases
ocean waves are duration limited rather than fetch limited owing to their large
fetches. :

With increasing duration time, however, the normalized spectral energy con-
centrates gradually towards the spectral peak frequency, and the normalized
spectral form finally attains that of fetch-limited wind waves in the steady state.
Figure 12 shows the normalized spectra of the wind waves that were measured in
this study at fetches F = 8, 13 and 18 m for a friction velocity U, = 30-6 cm/s, which
had already attained a steady state. In the figure, the mean spectral form of the
previous wave data of group A4 is shown as a broken curve. It can be seen from
figure 12 that the normalized spectra of the fetch-limited wind waves in the different
fetches are quite similar to one another, and coincide almost exactly with the previous
ones.

Although the spectral data at F = 3m are not shown in figure 12, they are slightly
different from the other data shown in the figure. This is perhaps due to the effect of
the extremely short fetch. That is, wind waves at very short fetches or very small
wind speeds seem to show slightly different properties compared with those at
moderate or large fetches and moderate wind speeds. A similar phenomenon was also
found in the fetch relations as mentioned briefly in § 5.
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107
0

The wave spectrum normalized in the form

SNF3/9° = Y {f/fw) (12)

is convenient for investigating the high-frequency part of the wave spectrum. This is
because in the high-frequency part, where ¢(f) is roughly proportional to f=5 (Phillips
1958), the normalized spectrum (12) has an almost constant value, and the fine-
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Fioure 14. Normalized forms of the fetch-limited wave spectra.
Uye=306cm/s, F =8,13, 18m.

structure of the wave spectrum can be seen more clearly in this normalized form.
Figures 13(a) and (b) show duration-limited wave spectra normalized in the form (12),
comprising the same spectral data as are shown in figures 11(a) and (b) under the
different normalization (11). Figure 14 shows the normalized spectra of the fetch- .
limited wind waves that are shown in figure 12 under the former normalization.

It can be seen from figures 13 and 14 that secondary and tertiary peaks near the
frequencies 2f,, and 3f,, in the normalized spectra exist for the duration-limited wind
waves as well as for the fetch-limited wind waves. These peaks are due to nonlinear
effects of the spectral components near the dominant peak of the spectrum (Tick
1959; Mitsuyasu 1969). Therefore the nonlinear effects in the spectrum cannot be
negligible even for duration-limited wind waves except for the very early stages of
the wave generation.

7. Growth of the spectral components in wind-generated waves

Asshownin figure 9, the spectral densities on the low-frequency side of the duration-
limited wave spectrum increase with time in a way similar to that observed in the
case of a fetch-limited wave spectrum developing with fetch. In order to study the
growth rate of the spectral component, the spectral densities on the low-frequency
side of the wave spectrum measured at a fixed station were plotted on a logarithmic
scale against the duration f on a linear scale. Typical examples are shown in figure 15.
It can be seen from this figure that in the stage ot rapid growth of the spectral density
the relation between ¢(f,¢) and ¢ can be approximated by a straight line on a semi-
logarithmic plot. That is, the growth of the spectral component is exponential with
respect to the time ¢ at that stage. Later, the spectral density saturates and approaches
a constant value in an oscillatory manner.
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_ D F f I _ @F/T3)
[Us (em/s)] (1) (Hz) (s BIf U./C 1 fm x 10-3
15 13 1-953 0-487 0-250 0-379 0-55 1-39
[30-3] 2-344 0-423 0-180 0-455 0-66 1-39
2734 0-430 0-157 0-531 0-72 1-39
3-125 0-379 0-121 0-607 0-77 1-39
15 18 1-563 0-253 0-162 0-307 0-50 1-88
[30-6] 1953 0-285 0-146 0-383 0-63 1-88
2-344 0-280 0-119 0-460 0-65 1-88
2-734 0-306 0-112 0-536 0-73 1-88

TABLE 2. The exponential growth rate (duration-limited wind waves).
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Ficure 16. Dimensionless exponential growth rate §/f vs. dimensionless friction velocity U, /C
of the wind. —(O—, growth rate of the duration-limited wave spectrum; — @ ——, growth rate of
the fetch-limited wave spectrum; —-—, equation (13), Synder & Cox (1966); — —, equation
(21) for gF/U% = 1-3x 10%; ————— » equation (21) for gF/U% = 1-1x 10%; ——, equation (22)
for gF/U% = 10® and various values of f/f,. The values in square brackets are the f /fm values
for each data point.

The values of the exponential growth rate # were determined, by the method of least
squares, from the gradients of the straight lines. The results are summarized in table
2, where f/f,, is the frequency of the spectral component normalized by the spectral
peak frequency f,,. Since the wave spectrum in the present case is changing with time,
the spectral peak frequency f,, changes with time and so does f /f,, for a fixed frequency
Jf. The values of f /£, shown in table 2 correspond to those for the central data on ¢(f,t)
which are used for the determination of 8. The dimensionless fetch g#/U% is shown
in the last column.

Figure 16 shows the dimensionless exponential growth rate £/f as a function of the
dimensionless friction velocity of the wind U,/C. For comparison with the experi-
mental result, the contracted form of the empirical relation of Snyder & Cox (1966),

B/f = 2ns[22-6(U, /C)—1], (13)
is shown in the figure, where s is the ratio of the densities of air and water. Relation
(13) can be obtained from their original relation by assuming W, = 250U, and a
directional spectrum of the form (§771) cos*#, where W, is the mean wind speed at
a critical wavelength above the water surface.

In figure 16, each group of data connected with thin lines corresponds to data
measured at the same fetch and the same wind speed but for different frequencies. In
other words, these data correspond to the dimensionless growth rates of different
frequency components in some particular wave spectrum. It can be seen from figure
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D F ! B _ @F/03)
[Us (em/s)] (m) (Hz) (s7) Bl Us/C Sl Fm x 1072
15 130 1-953 0-162 0-0827 0-383 0-61 136
[30-6] 105 2-148 0-148 0-0687 0-422 0-67 11-0
105 2-344 0-148 0-0632 0-460 0-73 110
105 2-539 0-140 0-0551 0-498 0-79 11-0
80 2.734 0-164 0-0601 0-537 0-85 8-37
80 2-930 0-155 0-0528 0-575 0-92 8-37
50 105 1-172 0-182 0-155 0-672 0-51 1-29
[89-4] 105 1-367 0-195 0-142 0-784 0-60 1-29
10-5 1-563 0-199 0-128 0-896 0-68 1-29
105 1-758 0-186 0-106 1-01 0-77 1-29
105 1-953 0-156 0-080 112 0-85 1-29

TABLE 3. The exponential growth rate (fetch-limited wind waves).

16 that in each group of data 8/f decreases with increasing U, /C. However, this does
not imply a decrease of #/f with increasing wind speed: because

UL/C = 2nUsf]g (14)

and Uy has a constant value for each group, the above result means that #/f decreases
with increasing frequency f of the spectral component. This is a natural consequence
of the fact that the exponential growth rate # shown in table 2 is roughly constant
irrespective of the frequency of the spectral component. Such properties of the dimen-
sionless exponential growth rate found from these experiments are very different from
the empirical relation (13).

In order to check these properties of #/f for the case of steady-state fetch-limited
wind waves, the growth rates f/f were determined from the measured spectra of
steady-state fetch-limited wind waves. In this case, since 9¢/dt = 0, f was determined
from spectral data measured at the successive stations (¥ = 3, 8, 13, 18 m) by using

the equation
C, o(f, %)/ox = PY(f, ). (15)

In practice, the value of #/C, was determined from the mean gradient of log ¢ in
a certain range of the fetch, the centre of which is shown in table 3, and then con-
verted to # by multiplying by C,( =g/4mnf). In a strict sense, C, in (15) should be replaced
by the directionally averaged group velocity in the z direction:

g, = j:”Cgcos0F(f,0,x)d0/¢(f,x), (16)

where F(f, 8, z) is the directional spectrum of the wind waves. However, we used C,
instead of O, because we had no reliable information about the directional spectrum.
For spectra with fairly narrow directional distributions, C, is not much different from
C,; for example, if we assume a directional spectrum proportional to cos? 8§, C, becomes
0910,

The exponential growth rates of the fetch-limited wind waves are summarized in
table 3 and their dimensionless values plotted in figure 16 as solid circles. In table 3,
fin is the spectral peak frequency at each fetch shown in the table. When the centre
of the fetch F was between two successive stations, f,, was interpolated from its values
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at two stations. As can be seen clearly from the figure, for the fetch-limited wind waves
p/f shows almost the same trend as for the duration-limited wind waves, though the
fetch-limited values are smaller for the same value of U, /C. Quite similar results
have been obtained from the analysis of other recent data on fetch-limited wind waves,
though they are not shown in figure 16. Therefore it can be concluded that the dimen-
sionless exponential growth rates f/f measured in our laboratory tank are quite
different not only quantitatively but also qualitatively from those given by the
empirical relation, and such differences can be seen both for the duration-limited
wind waves and for the fetch-limited wind waves. Furthermore, we can confirm our
preliminary results that the growth rates of the duration-limited wind waves are
larger than those of the fetch-limited wind waves.

8. Discussion

The property of the exponential growth rate shown in figure 16 is one of the most
interesting results of the present study. In a sense, the order of magnitude of the
exponential growth rate measured in the present experiment is fairly close to that
predicted by the empirical relation of Snyder & Cox (1966), particularly for the
fetch-limited wind waves. This is a remarkable result, because the empirical relation
was originally determined from wave data in the ocean (U,/C < 0-08), whereas our
results were obtained from those in the laboratory (0-3 < U, /C < 1-8). Owing to the
considerable difference in U, /C, the generation mechanisms of the wind waves may be
different.

However, the exponential growth rate of the present study has another feature,
which is quite different from the empirical relation. That is, the dimensionless growth
rate B/f decreases with increasing Uy /C (=271fU,/g) in each spectrum.

In order to clarify the general properties of the growth rate, the similarity form of
the wave spectrum will be studied, because the growth rate of the spectral component
can be determined from the growth pattern of the wave spectrum. In previous studies,
one of the present authors determined the similarity form of the spectrum for fetch-
limited wind waves using various wave data obtained in a laboratory tank, in a bay
and in the open sea (Mitsuyasu 1968, 1973). According to these studies, the spectral
form below the spectral peak frequency f,, can be represented by

P(f) = 5:86 x 10-13g%f Sexp[22-1(gF/ UL)** Uy f/g) for fo<f<f,  (17)

where f,( =~ 0-3f,,) is the lower limit of the frequency range where the spectral form (17)
is applicable. Recently, Ramamonjiarisoa (1973) also confirmed the spectral form
(17). First of all, it should be mentioned that in (17) the exponential growth is not
linear with respect to the fetch F; the exponential growth rate changes with the
fetch. If we define the local exponential growth rate g as

B =C,dlogp/oF, (18)
f is given from (17) by
Ig = 0 549go-312_p—0-688 Ug~376, ( 1 9)
and its dimensionless form is
Ui B/g = 0-549 (9F [ U%)~0%%, (20)

or
B/f = 3-45(gF | U%)-0%% (1], /0)-. (21)
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According to (19), £ is independent of the frequency f and increases with decreasing
fetch F or with increasing friction velocity U, of the wind. These properties can be
seen in our present results shown in tables 2 and 3.

The exponential growth rates determined from (21) are also compared in figure 16
with the present experimental results. As can be seen from this figure, the agreement
is quite satisfactory for the case of fetch-limited wind waves. The growth rates for
the duration-limited wind waves are much larger than those determined from (21),
but the qualitative features of the measured growth rate are quite similar to (21).
Therefore we can say that the peculiar characteristics of our measured growth rate are
universal at least qualitatively, and that the growth rates of the duration-limited
wind waves are larger than those of the fetch- limited wind waves. Furthermore, we
can use (20) or (21) to determine the exponential growth rate of the fetch-limited
wind waves.

However, several questions arise. Why or under what conditions was the empirical
formula (13) obtained? Why is the exponential growth rate larger for the duration-
limited wind waves than for the fetch-limited wind waves? What kind of physical
mechanism is responsible for such peculiar characteristics of the growth rate of wind
waves?

To answer the first question, (21) is modified, using the fetch relation (5), to

f; = 0-087 (?}Z) i (]{;)—2%"- (22)

Note that this form for 4/f is almost independent of the dimensionless fetch g#/U%,
if the value of f /f,, is fixed. Then, if we put

gF/U% = 10%, f/f, =0T,
B/f = 01470, /C. (23)

This is almost the same form as the empirical relation of Snyder & Cox (1966). Relation
(22) for typical values of f/f,, is shown in figure 16 for the case gF/U% = 103, It can
be seen that the measured values of g/f are very close to (22) for the case of fetch-
limited wind waves. Therefore it can be said that an empirical relation of the form of
Snyder & Cox’s (1966) can be obtained when we measure the growth rate of the spectral
component for an assigned relative frequency f/f,. In fact, in the observations of
Snyder & Cox, the effective fetches where the growth rate of the spectral component
was determined were roughly proportional to Wi and therefore Ug? (Snyder 1965).
From (5), this is about what is required to make f,, and therefore f/f,, constant.

In order to answer the other two questions we consider the one-dimensional trans-
port equation

(22) reduces to

op(f, x,t) /ot + C, 8¢(f, x,t) /o = S, (24)

which can be obtained by integrating the two-dimensional transport equation
(Hasselmann 1968) with respect to the propagation direction . Here S is the net source
function, which may be divided generally into three terms

S = Sin+Snl+Sds (25)

representing, respectively, the energy input S;, from the wind, the nonlinear energy

stransfer S, due to conservative wave-wave interactions and a dissipation term S,,.
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The preliminary analysis of our measured spectral data has shown that, in the
transition ranges of our duration-limited wind waves, the convective term on the
left-hand side of (24) is much smaller than the first local term. Hence (24) can be
approximated, in our case, by

oP(f.x,t) /ot = S;p+ S+ S (26)

Nonlinear wave-wave interactions may be responsible for the physical mechanism
of wave generation which produces the peculiar properties of the exponential growth
rate. From most of the mechanisms which transfer momentum from the wind to the
waves, the following expression for the exponential growth rate can be obtained:

B/ f < (U [O)", (27)

where » = 1 or 2. This form is quite different from our measured results shown in
figure 16. Furthermore, according to recent studies of the growth of the wave spectrum,
the rapid growth of the spectral densities in a frequency range below the spectral peak
frequency f,, is largely attributed to the nonlinear wave-wave interactions (Sell &
Hasselmann 1972), and the energy input from the wind to the wave seems to be
dominant only in the relatively narrow central region of the wave spectrum (Hassel-
mann et al. 1973). Consequently, the value of d¢ /0t on the forward face of our measured
spectrum may not be attributed to the energy input S;, through direct wind-wave
interaction, but may correspond mostly to the nonlinear energy transfer S,; and only
partly to the energy input S,, and the energy dissipation S;,. The expression (21) for
the exponential growth rate is considered to reflect such dynamical process of wind-
wave generation.

The energy dissipation S, in our case can be attributed to wave breaking and to
viscous dissipation in the boundary layer near the side walls of the tank and in the
surface shear zone. However, the viscous dissipation was found to be negligible on
the low-frequency side of our measured spectrum, where the growth rate was examined.
Thus most of the energy dissipation in that frequency range is due to wave breaking,
though its quantitative evaluation is very difficult. The considerable difference in
the values of the exponential growth rates for the fetch-limited wind waves and the
duration-limited wind waves may be attributed partly to the difference in the magni-
tude of energy dissipation due to the wave breaking in these two wave systems. Some
of the difference in the growth rates may be attributed partly to the effect of the
drift current. If we consider a drift current to co-exist with the wind waves, the
convection velocity of the spectral energy is larger than C,(=g/4nf), and thus
determination of #from (15) without taking the effect of the drift current into account
underestimates the value of §.

The experimental study conducted recently by Larson & Wright (1975) is quite
similar to our present study except that they measured very short waves (wavelength
= 0-7-7 cm) by using microwave backscatter. However, their measured growth rates
of duration-limited wind waves show properties different from ours; the temporal
growth rate is approximately proportional to U i whereas our results give a value
proportional to U%%" as shown in (19). The difference between their result and ours
may be attributed to the difference between the frequency ranges measured. The
frequencies of the spectral components measured by Larson & Wright (1975) are
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4-9-38 Hz, which are much higher than the frequencies 1-1-3-1 Hz of our measured
spectral components for which the growth rates were computed. Such high-fre-
quency waves as those measured by Larson & Wright (1975) develop so rapidly that
nonlinear wave-wave interactions and consequently their effect on £ might be much
smaller than those in our experiment.

9. Summary and conclusions

The temporal growths of the wave energy £ and the spectral peak frequency f,,
for the duration-limited wind waves are slightly different from those inferred from
the spatial growths of these quantities for the steady-state fetch-limited wind waves.
For practical purposes, however, we may use the duration relations inferred from the
fetch relations by using the space—time conversion relation (10), because the dif-
ferences between the measured and the inferred spectra are relatively small.

The normalized spectra ¢(f)f,./E for the duration-limited wind waves are slightly
different from one another depending on the duration time, whereas the normalized
spectra are quite similar for the steady-state fetch-limited wind waves. The con-
centration of the normalized spectral energy near the spectral peak frequency is
smaller for the duration-limited wind waves in the initial stage than for the steady-
state fetch-limited wind waves. Typical nonlinear features in the wave spectrum,
secondary and tertiary peaks near the frequencies 2f,, and 3f,,, are found for the
duration-limited waves as well as for fetch-limited waves.

The exponential growth rate £ of the duration-limited wind waves is much larger
than that of the fetch-limited wind waves. Furthermore, both for the duration-
limited wind waves and for the fetch-limited wind waves the exponential growth rate
shows some peculiar characteristics which cannot be expected from the empirical
formula of Snyder & Cox (1966): a dimensionless growth rate #/f which depends not
only on the dimensionless wind velocity U, /C but also on the dimensionless fetch
gF /U%. For a fixed value of ¥ /UZ, #/f decreases with increasing U, /C.

A generalrelation (21) among f/f, Uy /C and gF / U} can be derived from a similarity
form of the wave spectrum (17) which was obtained in a previous study (Mitsuyasu
1968, 1973). We can use (20) or (21) as the new empirical formula for the growth rate
P/f. The present experimental values agree well with (21) for the case of fetch-limited
wind waves. For the case of duration-limited wind waves, however, #/f is larger than
the values given by (21), though the qualitative features are very similar.

The relation (21) can be transformed into another equivalent relation (22), in which
B/f depends mainly on U, /C and f/f,, and very weakly on gF/U%. If the value of
f/f. is fixed approximately at 0-7 in (22), we can get a relation which is quite similar
to the empirical relation of Snyder & Cox (1966). ’
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Appendix
The time necessary for a wave group to travel from the upwind boundary to a
fetch F is given by

. :
t = fo (C,)1dF, (A1)

where C, is a group velocity of the wave system. Equation (A 1) defines the minimum
duration ¢.,;,,. Now we assume the relation

C, = gT'/4m, (A 2)

where 7' is the period of the dominant wave corresponding to the wave system. The
dominant wave period 7' can be related to the spectral peak frequency f,, in the follow-
ing way.

Let us consider the spectral form

P(f) = ke fmexp[—kof "] (A3)
The wave period 7, defined as the zero-up-crossing period, is given by
) © -3
7| [Conral[ oana]”. (A4
After substitution of (A 3), (A 4) reduces to
A n~1n m—3]-
R (A 5)
On the other hand, the spectral peak frequency f,, of the spectrum (A 3) is given by
Jm = (nky/m)tim. (A 6)
So, from (A 5) and (A 6),
1 (n\¥* (m—3\-} 0
T-76) G (R .

Furthermore, if the spectral form is assumed to be of Pierson-Moskowitz type
(m =5,n =4), (A7) reduces to
T = 1-34f;}, (A 8)
and (A 2) becomes
C, = 1-34g/ 4nf,,. (A9)

On substituting (A 9) and the fetch relation (3), i.e.
U fnl9 = 1-19(gF [ U5) -3, (A 10)
into (A 1) and carrying out the integration we get the space~time conversion relation

gF /U2 = 1-18 x 10~2(gt /U, )-3%5. (A11)
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This relation describes the front of the steady state, where duration-limited wind
waves coincide with fetch-limited wind waves.
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